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Chapter 10
Topology of Viral DNA




Chromosome organization plays a key role inmany biological processes. In
viruses genome organization is essential for the packaging and releasing of
the genome as well as for maintaining the stability of the viral capsid. This
organization varies across different families and is highly dependent on the
virus morphogenetic pathway (Casjens, 1997). In this review we will focus
on the packing of double-stranded DNA (dsDNA) in bacteriophages.
Understanding how dsDNA is packed in bacteriophage capsids is impor-
tant because it arguably yields the simplest example of a full genome orga-
nization in a biological system. Furthermore bacteriophages are believed
to pack their DNA similarly to some animal viruses such as herpes- and
adeno-viruses (Casjens, 1997). Therefore understanding the basic princi-
ples of DNA packing in bacteriophages may provide essential insights into
the viral assembly pathways for a wide range of bacterial and animal viruses.
During bacteriophage morphogenesis a proteinic procapsid is ﬁrst
assembled (reviewed in Johnson and Chiu, 2007; Earnshaw and Casjens,
1980; Dockland, 1992; and in Wang et al., 2006). This assembly is fol-
lowed by the active transfer of one copy of the viral genome from the
host cytoplasm to the procapsid through a molecular motor called the
∗Department of Mathematics, San Francisco State University, San Francisco, CA
94132.
†Instituto de Biologia Molecular de Barcelona, CSIC, Barcelona, Spain.
‡Department of Mathematics, Florida State University, Tallahassee, FL.
1
October 15, 2009 16:57 WSPC/SPI-B881 b881-ch10 1st Reading
J. Arsuaga, J. Roca and D. W. Sumners 2
connector (Fuller et al., 2007; Ibarra et al., 2000; Rishov et al., 1998).
This packaging reaction is performed against strong repulsive forces due
to the excessive bending and the self-repulsive nature of the double helix
(Tzlil et al., 2003; Kindt et al., 2001; Smith et al., 2001). Inside the cap-
sid, the viral DNA reaches near-crystalline density (Earnshaw and Casjens,
1980) with concentrations of DNA ﬁbers of up to 800mg/ml (Kellen-
berger et al., 1986) and an osmotic pressure of 50 atmospheres (Evilevitch
et al., 2003). Once the DNA is packed inside the capsid, the phage tail
is assembled at the connector site and a mature virus is completed. How
the DNA is folded under the extreme physical conditions described above
is unknown. Biochemical and structural analyses have shown that DNA
inside the capsid is kept in its B-form (Aubrey et al., 1992), that the DNA
forms local domains of parallel ﬁbers that are 25Å away from each other
(Earnshaw and Harrison, 1977; Earnshaw et al., 1978; Lepault et al.,
1986). Moreover, they show that there is no correlation between DNA
sequences and their spatial location inside the capsid, with the exception of
the DNA ends in some viruses (Chattoraj and Inman, 1974). The question
whether there are contacts between the double helix and the interior of
the capsid remains open. Work by Serwer and colleagues showed that such
contacts were inexistent or minimal (Serwer et al., 1992). On the other
hand, new asymmetrical reconstruction techniques of frozen samples have
revealed frequent contact points. Whether these contact points have any
role in the packing or if they affect the overall geometry of the chromo-
some remains to be explored (Jiang et al., 2006). Most studies agree on
the existence of concentric layers of DNA ﬁbers organized in spooling,
toroidal or parallel fashion. Next we describe the proposed models for the
long-range organization of the DNA inside the viral capsid.
1.1. Spooling Models
There are two basic spooling models: coaxial and concentric. The coaxially
spooled model (Fig. 1) was initially proposed by Richards et al., 1973 after
performing electron micrographs in bacteriophages P2, λ, T4, T7 and T5.
In this model, the DNA is organized in shells that are wound about an
axis. The orientation of the axis has been a matter of debate and may be
dependent on the virus. It has been proposed that the spooling axis can
be perpendicular (Cerritelli et al., 1997; Geller and Davis, 1964), parallel
(Earnshaw and Harrison, 1977; Jiang et al., 2006), or tilted a few degrees
October 15, 2009 16:57 WSPC/SPI-B881 b881-ch10 1st Reading
3 Topology of Viral DNA
Fig. 1. Coaxial spooling model. Recent experimental results in bacteriophage phi 29
have estimated that there are about ﬁve concentric shells of DNA ﬁbers containing up
to 50% of the entire genome. This arrangement is more disordered in the center of
the capsid where the radius is much shorter than the persistence length of the DNA
molecule (Comolli et al., 2007). The idealized model in the ﬁgure shows four coaxial
shells.
(Sewer, 1986) with respect to the axis deﬁned by the tail. In concentric
models, each DNA shell is organized around an axis whose orientation is
different from the previous shells. This conﬁguration has been observed in
molecular dynamics studies and represents energy minima in the absence
of long-range interactions (LaMarque et al., 2004).
1.2. Toroidal Models
Toroidal models have been proposed not only for bacteriophages but also
for DNA molecules exposed to condensing agents (reviewed in Hud and
Vilfan, 2005). In these models DNA travels along the surface of a torus
(Fig. 2). Several toroidal models have been proposed. These include the
interwound toroid (Earnshaw et al., 1978), toroidal winding (Kosturko
et al., 1979), folded toroid (Hud, 1995) and twisted toroid (Petrov et al.,
2007). In the folded toroid model the DNA ﬁrst assumes a conformation
similar to the one illustrated in Fig. 2. Since the DNA molecule is too large
to ﬁt in the capsid by this arrangement alone the toroid needs to fold in half
(or quarters) in a next step. The twisted toroid has been recently proposed
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Fig. 2. Toroidal trajectory. The ﬁgure shows an idealized toroidal trajectory in which
theDNAmolecule is represented by a tube and whose axis lies in the surface of a toroid.
using computational models (Petrov et al., 2007). In these studies it is
suggested the toroidal shapemay be in part a consequence of the elongated
shape of some capsids.
1.3. Spiral-Fold Model
This model was initially proposed by Earnshaw and Harrison in 1977 and
was later supported by eroding experiments on T4 phages (Black et al.,
1985). In these experiments partially packed DNA molecules were eroded
using ion etching techniques. The illustration in Fig. 3 shows an idealized
image of a spiral-fold model. DNA strands run parallel to each other mak-
ing sharp turns due to the interaction between the genome and the viral
capsid. In elongated capsids and in order to avoid unnecessary bending
the DNA remains straight for as long as possible. This forces the DNA
to eventually take a sharp turn. Current molecular dynamics simulations
show conﬁgurations that aremore consistent with othermodels. However,
sharp turns are also observed in these models (Petrov et al., 2007).
1.4. Liquid Crystalline Model
Extreme concentrations of DNA ﬁbers form liquid crystalline phases (Strz-
elecka et al., 1988; Sikorav et al., 1994). In a liquid crystal state the
DNA ﬁbers are locally organized in stacks of parallel planes (with pos-
sibly some twisting between the planes) but there is no long-range order
between the stacks or the ﬁbers in the stacks. Lepault and colleagues
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Fig. 3. Spiral-fold model. Black et al. proposed that in a T4 capsid the DNA would
fold into 700 segments parallel to each other containing between 160bp and 300bp
forming a total of about 15 shells.
(Lepault et al., 1987) proposed this model after analyzing vitriﬁed samples
of phages Giant T4, T3 and Lambda phages by X ray diffraction and direct
imaging. Similar ﬁndings have been previously reported for herpesviruses
(Booy et al., 1991) and also in a later report for DNA in lipid capsules
used for gene therapy (Schmutz et al., 1999). Figure 4 shows an idealized
image of this model where only the organized ﬁbers are shown.
1.5. Other Models
Ball of string model. This model was described in (Richards, 1973) as
“a sphere generated by winding the DNA in series of concentric circles,
each being approximately a great circle, with the planes containing succes-
sive circles oriented at random” and was quickly rejected by experimental
evidence (Earnshaw and Harrison, 1977).
Random model. Due to repulsion between DNA ﬁbers and the extreme
bending of theDNA inside the capsid it is possible that some of the features
described above could be obtained by simply randomly packing the DNA
chain in the capsid. We will review some of the properties of the random
model in detail. Investigating a random model is useful because it pro-
vides a reference for random ﬂuctuations in the packing models described
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Fig. 4. Liquid crystalline model. In liquid crystalline models, DNA ﬁbers are orga-
nized locally but not globally. Sharp turns of the DNA, believed to characteristic of
liquid crystalline phases of long molecules, occur in the space between domains. This
liquid crystalline phase is a consequence of the extreme density and pressure of the
DNA inside the capsid. It is important to highlight that such a model would not
provide information on the DNA packaging reaction.
above. An illustration of random packing is shown in Fig. 5. The essential
feature of a random model is that the points that deﬁne the trajectory of
the DNA molecule follow a speciﬁc random distribution. This distribu-
tion is usually difﬁcult to obtain analytically except for very simple cases
(Millet, 1993; Arsuaga et al., 2007). Therefore researchers are performing
computer simulations to approach these distributions.
In this review we introduce a new approach to investigating chro-
mosome organization in bacteriophage capsids. Our studies are based on
experimental work initiated by Liu and colleagues on P2 and P4 bacterio-
phages. In Liu et al., 1981a and 1981b it was found that DNA molecules
extracted from P2 and P4 tailless mutants were mostly knotted circles.
Further studies (Wolfson et al., 1983) found that knots are also observed
in wild type P4 phages and that the number of knotted circles (i.e. knot-
ting probability) depends on the length of the DNA being packed. In this
review we will argue that these molecules become cyclic inside the capsid,
or soon after the disruption of the capsid, and therefore can be used ofto
retrieve information about the DNA organization inside the viral capsid.
Furthermore we will explain how the DNA knot spectrum can provide
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Fig. 5. Random Packing. In the case of random packing the vertices along the trajec-
tory follow a distribution of points in space that is usually difﬁcult to express analytically.
new insights into the spatial organization and geometry of DNA inside
the viral capsid.
2. Knot Theory and Its Applications
to Molecular Biology
2.1. Mathematical Knots
In this section a brief introduction to mathematical knot theory is given.
For a more detailed exposition of the basic concepts in Knot Theory we
refer the reader to standard texts (Adams, 2004; Murasugui, 2007).
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A knot K is a simple (i.e. without self-intersections) closed curve in
R3. One studies knots by projecting them into a plane; a projection in
which each crossing involves two strings in transverse intersection is called
a regular projection. If the over/under information for the strands at each
intersection in a regular projection is kept, represented by a break in the
undercrossing strand, then the projection is called a knot diagram. Figure 6
shows some examples of knot diagrams.
Two knots K1 and K2 are equivalent if it is possible to elastically
move K1 into K2 without introducing self-crossings. Equivalent knots are
representatives of the same knot type. Two knots K1 and K2 are equivalent
if and only if any regular diagram for K1 can be converted to a regular
diagram forK2 via a sequence ofReidemeistermoves, as illustrated in Fig. 5.
Fig. 6. Examples of knots. The ﬁgure shows (from top to bottom) the trivial knot
(unknot), the positive (left, denoted here by 31) and negative (right, referred here
by the mirror image of 31 or 31∗) trefoil knots with three crossings each, the four
crossing ﬁgure-eight knot (center- denoted here by 41), the ﬁve crossing negative
twist knot (right, denoted here 52∗) and the positive torus knot (left, denoted here
by 51). The knot on the bottom is a six crossing composite knot composed of two
trefoils of opposite sign (square knot). From this collection of knots, the trivial knot,
the four and six crossing knots have mirror images that are equivalent (achiral), whilst
the rest are all chiral. For the trefoil knots, each member of the chiral pair is shown.
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Fig. 7. The three Reidemeister moves. Performing any of these moves in a knot dia-
gram is equivalent to elastically deforming the knot. These moves are used to simplify
the projection of the knot without changing the knot type, and therefore facilitate the
identiﬁcation of the knot.
Given two knots, one can construct another knot by cutting a small
segment from each of the knots and pasting their endpoints together. The
resulting knot is called a composite knot. For instance in Fig. 6 the square
knot is a composite knot made of two trefoils of opposite sign. Knots that
are not composite are called prime knots. In Fig. 6, all of the knots except
the trivial knot and square knot are prime knots.
The minimum number of crossings among all possible knot diagrams
for K is called the crossing number of K . A knot diagram that realizes
that minimum crossing number for K is called a minimal diagram for K .
Figure 6 shows minimal diagrams. A concept that has proven to be very
useful in biology is the average crossing number. It is given by the average
number of crossings over all possible regular projections of K (as a ﬁxed
space curve). A second important concept is that of chirality. A knot K
is said to be achiral if it is topologically equivalent to its mirror image,
otherwise it is said to be chiral. In order to obtain the mirror image of a
knot, take any diagram for the knot, and reverse all the crossings. In Fig. 6,
the right-handed trefoil is topologically distinct from its mirror image,
the left-handed trefoil. The ﬁgure-eight knot and square knots are achiral
since one can ﬁnd a sequence of Reidemeister moves that can transform
the diagrams shown to their mirror images. A geometrical concept that
helps quantify the chirality of a knot is the writhe. Given a knot K (as
a ﬁxed curve in space) and an orientation on the knot (i.e. a direction
of travel along the knotted chain) one can deﬁne the projected writhe of
the knot by assigning an orientation to the knot, and at each crossing in
a regular diagram of K either a + 1 or a − 1 is assigned following the
right hand rule crossing sign convention (Fig. 8) for oriented skew lines
in space. Note that the crossing signs are independent of knot orientation,
because changing the orientation of the knot changes both of the arrows
at a crossing, leaving the crossing sign unchanged.
October 15, 2009 16:57 WSPC/SPI-B881 b881-ch10 1st Reading
J. Arsuaga, J. Roca and D. W. Sumners 10
Fig. 8. Crossing Sign Convention.
If one averages the projected writhe over all projections of a ﬁxed
spatial curve K , one obtains the writhe of the knot K . The writhe is a
measure of non-planarity of the spatial knot. For the knot diagrams in
Fig. 6, the projected writhe of the unknot, ﬁgure-eight knot and square
knots are each zero; the projected writhe of the positive trefoil is +3, the
projected writhe of the negative trefoil is −3, the projected writhe of the
negative twist knot is −5, and the projected writhe of the positive torus
knot is +5. If a knot K is achiral the average of the writhe of a random
sample of curves of ﬁxed knot type K tends to zero as the number of knots
in the sample goes to inﬁnity.
The computational identiﬁcation (classiﬁcation) of knots is done by
using algebraic knot invariants that can be calculated from any regular pro-
jection of the knot. If a given invariant is different for two knots, then the
knots are different. If a given invariant is the same for two knots, the knots
may or may not be different; that invariant fails to distinguish them. In
computational studies, polynomial invariants such as the Alexander, Jones
and HOMFLY polynomials are commonly used. The Alexander polyno-
mial, denoted by (t ), is easier and faster to compute than the others, but
it is not as powerful as the HOMFLY or the Jones polynomials in classify-
ing knots. An important drawback of the Alexander polynomial is that it
cannot detect knot chirality. It is known that the computation of the Jones
polynomial is NP-hard (i.e. cannot be computed in time, which is poly-
nomial in the number of knot crossings) (Jaeger et al., 1990). In order to
make computations more efﬁcient, the Alexander polynomial evaluated at
t = −1 (denoted by(−1)) is commonly used.However theoretical stud-
ies have shown that there existmany non-trivial knots with trivial Alexander
polynomials ((t ) = 1) and it is not clear that ( − 1) can be used to
estimate knot probability for arbitrarily knot ensembles (Garoufalidis and
Teichner, 2004). Another approach is to use look-up tables of algebraic
descriptors of knots calledDowker codes (Hoste andThistlethwaite, 1999;
Micheletti et al., 2006). The disadvantage of look — up tables is that the
exact tabulation of knots excludes knots of more than 16 crossings.
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2.2. Knots and DNA
Knots and links in circular DNA molecules are of biological interest
because they can detect and preserve information about DNA folding
and about enzymes that manipulate DNA. DNA knots can be obtained
in the test tube (in vitro) as products of biochemical reactions or can be
designed as building blocks for nanotechnology purposes (e.g. Mueller
et al., 1991; Seeman 2003). Figure 9 shows a DNA trefoil knot produced
in vitro by reacting an unknotted nicked duplex DNA plasmid with bac-
terial topoisomerase I.
DNA knots obtained as the product of biochemical reactions help
analyze the process under study. For instance, knots formed by random
cyclization of linear molecules have been used to quantify the effective
diameter of the DNA (Rybenkov et al., 1993; Shaw and Wang, 1993) and
the effects of conﬁnement on the cyclization of DNA molecules (Arsuaga
et al., 2002). DNA knots have been also key to unveiling the mecha-
nism of site-speciﬁc recombination enzymes (e.g. Buck and Flapan, 2007;
Darcy et al., 2006; Ernst and Sumners, 1990; Wasserman and Cozzarelli,
1986; Grainge et al., 2007; Vazquez and Sumners, 2004; Vazquez et al.,
2005; Vetcher et al., 2006), the structure of theMu transpososome (Darcy
et al., 2007; Pathania et al., 2002), the mechanism of type-2 topoiso-
merases (Flammini et al., 2004; Hua et al., 2001; Liu et al., 2006; Roca,
2001; Rybenkov et al., 1997; Vologodskii et al., 2001), the mechanism
Fig. 9. Electron micrograph of a +DNA ﬁve crossing torus knot obtained after the
action of a site-speciﬁc recombinase on a dsDNA plasmid. (Figure kindly provided by
Nancy Crisona.)
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of condensins (e.g. Kimura et al., 1999), and the structure of replication
bubbles (e.g. Olavarrieta et al., 2002). In most of these cases, the develop-
ment of mathematical and computational tools has helped greatly in the
analysis of the experimental results. Yet, the origin of some DNA knots
found in other biological systems remains mostly unknown. Examples
include Escherichia coli cells harboring mutations in the GyrB or GyrA
genes (Shishido, 1987), and the cauliﬂower mosaic virus (Menissier et al.,
1983). A recent in vivo study (Diebler et al., 2007) shows that knot-
ting of a DNA plasmid that contains a gene for drug resistance leads
to an increased mutation rate of the bacterial host, inhibition of repli-
cation and cell death when the knot prevents expression of the drug
resistance gene.
Knotted and linked (catenated) DNA molecules are stable in the lab-
oratory and can be characterized experimentally by gel electrophoresis
and electron microscopy. The simplest method to detect DNA knots in
the laboratory, and the one used in the experiments described below, is
agarose gel electrophoresis. In this assay, DNA molecules are run at low
voltage and knots migrate approximately according to their average cross-
ing number (Vologodskii et al., 1998). Fig. 9 shows a DNA ﬁve crossing
torus knot produced in vitro by reacting an unknotted DNA plasmid with
a site-speciﬁc recombinase.
A second method to identify knots in the laboratory is by microscopy,
using both transmission electron and atomic force microscopes. Since we
have not used these assays in our studies we will not provide details here
and instead refer the reader to Zechiedrich and Crisona, 1999. However
it is important to highlight that the advantage of microscopy over gel elec-
trophoresis is that it allows detection of DNA knot chirality. For example,
in Fig. 9, the + trefoil DNA knot has been coated with the RecA protein
to enhance resolution of DNA crossings in the electron micrograph.
2.3. Computer Models of DNA Knotting
Both Molecular Dynamics (MD) and Monte-Carlo (MC) methods have
been used to study circular DNA in solution and in conﬁnement. Here we
will review only those studies where Monte-Carlo methods were used.
Monte-Carlo simulations of off-lattice (continuum) and on-lattice
models have been used to generate ensembles of simulated closed chains.
Initial computational efforts as well as some more recent studies have
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Fig. 10. Electrophoretic velocity of DNA knots. Figure adapted from Arsuaga et al.,
2005. DNA knots migrate approximately proportional to their average crossing num-
ber. The ﬁgure shows the migration pattern of twist knots generated by the action of
type II topoisomerase from bacteriophage T4 observed ﬁrst in Wasserman and Coz-
zarelli, 1991.
used different lattices such as the tetrahedral lattice (Frank-Kamenetskii
et al., 1975) or the simple cubic lattice (Tesi et al., 1994; Hua et al.,
2005). However off-lattice models are usually preferred to study DNA
properties. These models include the equilateral random polygon model
(ERP) (also known as the freely-jointed chain model), the Gaussian ran-
dom polygon model (GRP), and the wormlike chain model (Cantor and
Schimmel, 1980). Among the off-lattice models, the worm-like chain is
believed to be the one that best approximates DNA in dilute solution.
For the scales considered in the work reviewed here and for comparison
with bulk experiments both the wormlike chain and the ERP give very
similar results. One advantage of the ERP is that a number of properties,
such as the knotting probability and average crossing number, have been
characterized not only computationally but also analytically. These results
provide a solid foundation for the computational studies (e.g. Diao et al.,
1994; Diao 1995).
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Fig. 11. An equilateral random polygon. An equilateral random walk with 1000
independent segments is shown. The equilateral walk was generated using the hedge-
hog algorithm and rendered using Knotplot (Scharein, 1998).
2.4. Algorithms for Generating Ensembles
of Random Knots
There are a number of algorithms that generate equilateral random poly-
gons. These include the crankshaft (Klenin et al., 1988), the hedgehog
(Klenin et al., 1988), and the generalized hedgehog algorithm (Varela
et al., 2009). The crankshaft algorithm generates a Markov chain in the
space of all ERPs (or wormlike polygons) of ﬁxed length. This Markov
chain is known to be ergodic (Millet, 2000). However this algorithm is
computationally very inefﬁcient due to the high correlation between con-
secutive samples. The hedgehog algorithm on the other hand is more
efﬁcient than the crankshaft; however it is unknown whether it is ergodic
or not. The generalized hedgehog is the only algorithm known to be
ergodic and fast.
Once a polygon has been generated by any of the methods described
above, a projection is taken and the knot type computed. This process
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however may be very costly because the knot projection may have many
extraneous crossings and the computation of any knot invariant depends
on the number of crossings. In order to lower the computational bur-
den one can smooth the polygon before computing its projection (e.g.
Micheletti et al., 2006). This smoothing is done by perturbing the knot
across those triangles that are spanned by adjacent edges and that do not
intersect other segments of the knot. For instance, in Micheletti et al.,
2006, it was observed that unknots of length N = 400 edges conﬁned to
a sphere of R = 10 typically have approximately 400 crossings! By apply-
ing these simpliﬁcation methods, polygons were simpliﬁed to lengths of
N ′ = 30 with approximately 30 crossings. Next a projection of the knot
is taken and Reidemeister moves (Fig. 7) performed to further remove
extraneous crossings. Despite these efforts the knot diagrams may still
have many extraneous crossings. In order to determine if a conﬁguration
is knotted or not, it is necessary to compute an algebraic invariant. A
quick and reasonably efﬁcient determination of curve knotting is comput-
ing (−1). Computing the knot type is a more challenging problem and
researchers have either computed the Alexander polynomial (t ) evalu-
ated at different values of t (e.g. t = −2, −3, see Arsuaga et al., 2005;
Mansﬁeld, 1994) or have used more sophisticated methods such as the
HOMFLY polynomial (Millet, 1994; Micheletti et al., 2006; 2008).
3. DNA Knots in Bacteriophage P4
3.1. Bacteriophage P4
Bacteriophage P4 is a satellite of bacteriophage P2. The P4 capsid has
icosahedral symmetry (T = 4) (Dockland et al., 1992) and its genome
is an 11.7 kb linear double-stranded DNA molecule with two 16bp long
cohesive ends (Wang et al., 1973) called cos sites. In the mature phage
capsid, one of the DNA ends is attached near the connector region (Chat-
torraj and Inman, 1974), while the position of the other end is unknown.
The attachment of one of the ends to the entry region prevents the two cos
ends from annealing to each other and forming a circle inside the capsid.
It is likely that this anchoring facilitates the DNA in leaving the capsid as
a linear molecule through the tail at the time of infection.
However, most DNA molecules extracted from bacteriophage P4, as
detailed in Section III.2, are non-covalently closed circular molecules and
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have a very high percentage of nontrivial and highly complex knots (∼50%)
(Arsuaga et al., 2002; Wolfson et al., 1985). The percentage of knots is
higher (∼95%) for DNA extracted from tailless mutants of the bacterio-
phage P4 (Arsuaga et al., 2002; Liu et al., 1981a; Liu et al., 1981b; Wolf-
son et al., 1985). Interestingly, the percentage of knots is also higher in
P4 strains with shorter genomes (∼10 kb) than in those strains with full
genomes (Wolfson et al., 1985).
What is the origin of these knots? In order to form a knot, both ends
of a linear DNA chain need to meet and anneal through their cos ends. This
cyclization reaction results in non-covalently closed circles (since the DNA
backbones remain unsealed). The cyclization reactions of puriﬁed linear
P4 DNA molecules in free solution have been extensively studied. In these
experiments, DNAmolecules were ﬁrst extracted and linearized by thermal
denaturation of their cos ends. Upon cyclization in dilute free solution and
at physiologic ionic conditions, it was found that the knotting probability
for P4 DNA molecules is about 3% and that most of the knots (> 90%)
had only three crossings (Rybenkov et al., 1993). Therefore DNA knots
have a non-zero probability of occurrence during any cyclization reaction.
We ask then why the knotting probability and complexity are so high
in molecules extracted from P4 phages. Another important question is
why this probability reaches saturation levels in tailless mutants or in the
genome deletion strains.
3.2. Experimental Methods: P4 Production
and DNA Extraction
Bacteriophage P4 vir1 del22, which carries a 1.7Kb deletion compared
with the wild type P4, are used in the laboratory as source of knotted
DNA. These phages with a shorter DNA (∼10Kb) show higher DNA
knotting percentages than those with full genomes (Wolfson et al., 1985).
In order to obtain a maximum yield of knotted molecules, P4 vir1 del22
is ﬁrst ampliﬁed in an E. coli strain (for example, C-1895) lysogenic for
the helper prophage P2. Stocks of P4 vir1 del22 are then used to infect
an E. coli strain lysogenic for P2 (for example, C-8001) that carries the
mutation amH13 in the H gene. Because gene H encodes part of the P4
phage tail, such strain produces then P4 vir1 del22 particles without tail
(tailless mutants).
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After bacterial lysis, bacteriophages are collected as described in Isak-
sen et al., 1999. Brieﬂy, phages are precipitated with polyethylene gly-
col 8000 and then dissolved in phage buffer (10mM MgCl2/10mM
Tris·HCl, pH 7.2/130mM ammonium acetate). Phage particles can then
be puriﬁed by equilibrium density centrifugation across a cesium chloride
gradient (14 h at 45,000 rpm in an NVT65 Beckman rotor). Banded viral
particles are dialyzed against phage buffer and their DNA is extracted with
phenol and phenol/chloroform. The viral DNA is then dialyzed against
TEN buffer (10mM Tris·HCl, pH 8/1 mM EDTA/100mM NaCl) and
kept at 4◦C.
An optimal way to qualitatively and quantitatively analyze knotted
DNA is bymeans of a high-resolution two-dimensional gel electrophoresis
(Trigueros et al., 2001). In this technique, the ﬁrst gel dimension is run
at low voltage, and DNA knots migrate according to their compactness.
The second gel dimension is run at high voltage, and DNA knots migrate
according to other physical parameters, such as shape and ﬂexibility. In
comparison to one-dimensional gel electrophoresis, this procedure segre-
gates the knotted DNA molecules from other unknotted forms of DNA,
and partially resolves populations of knots that have the same number of
crossings. For the analysis of P4 DNA knots (about 10Kb size), these gels
are prepared as follows. Gel slabs of 0.4% agarose concentration are equi-
librated with TBE buffer (100mM Tris-borate, pH 8.3/2mM EDTA).
In the ﬁrst dimension, DNA samples run at 0.8V/cm for 40 h at room
temperature. After a 90◦ rotation of the gel, a second dimension is run in
the same electrophoresis buffer at 3.4V/cm for 4 h at room temperature.
After ethidium bromide staining of DNA and photography, gels can be
blotted to nylon membranes, and DNA bands radioprobed for phospho-
rimaging quantiﬁcation (Fig. 12).
3.3. Experimental Results
The quantitative analyses of DNA species resolved by high-resolution two-
dimensional gel electrophoresis, like that seen in Fig. 12, indicated the
following:
— The 10-kb DNA from the tailless mutant of phage P4 vir1 del22 pro-
duces 95% knotted molecules (i.e. a knotting probability of 0.95).
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A
B
Fig. 12. Qualitative and quantitative analyses of DNA knots resolved by gel elec-
trophoresis (fromArsuaga et al., 2005). A) Knots are identiﬁed by 2Dgel electrophore-
sis (data from Arsuaga et al., 2005). In the ﬁrst dimension (vertically) knots were run
for 40 hours at 25V and were run parallel to a control of twist knots (Wasserman and
Cozzarelli, 1991). Under these conditions knots migrate proportionally to their aver-
age crossing number. The second dimension (horizontally) is run for under 2 hours at
100V. Knots migrate differently creating the characteristic bell shape. For details see
Trigueros et al., 2001. B) The gel-blot region of less complex knot populations (knots
of 3 to 9 crossings) is shown in detail. Gel positions of DNA bands are compared to a
marker ladder for twist-type knots that was generated by incubating a supercoiled 10-kb
plasmid with equimolar amounts of T4 topoisomerase II (Wasserman and Cozzarelli,
1991). After the knotting reaction, supercoils were removed from DNA by limited
nicking in a reaction containing 50mM Tris (pH 7.5), 5mM MgC12, 100 pg/ml
each DNA and ethidium bromide, and 2 pg/ml DNase I.
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— The average estimated number of knot crossings was about 26.7, and
the largest estimated number of knot crossings detected was about 40.
— Of the total amount of knotted molecules extracted from P4 tail-
less capsids, only 2.2% had crossing numbers between three and nine.
These populations are of main interest since they can be individually
quantiﬁed.
— Some of the bands observed in the 1D gel split into a secondary arch of
faster velocity in the second gel dimension (denoted as 6–9 and 6’–9’
in Fig. 12).
— Densitometer readings of individual knot populations of three to nine
crossings revealed that knots of four crossings are severely reduced
relative to the other knot populations.
— At low voltage, torus knots (such as 51 and 71) migrate slightly slower
than their corresponding twist knots (52 and 72) (Vologodskii et al.,
1988); this knowledge in conjunction with a marker ladder for twist
knots (Fig. 10 and Wasserman and Cozzarelli, 1991) allows the identi-
ﬁcation of several gel bands of the phage DNA matching the migration
of known knot types.
— In the main arch of the gel, in addition to the unambiguous knots 31
and 41, the knot population of ﬁve crossings matched the migration
of the torus knot 51. The other possible ﬁve-crossing knot, the twist
knot 52 that migrates between and is equidistant to the four- and six-
crossing knot populations, appeared to be negligible or absent.
— The knot population of seven crossings matched the migration of the
torus knot 71 rather than the twist knot 72, which has slightly higher
gel velocity. Although this visible gel band is likely populated by seven-
crossing torus knots, other knot types of seven crossings cannot be
excluded.
— There is an evident shortage of the knot subpopulation of seven cross-
ings in the second arch of the gel (denoted by 7’ in Fig. 12).
When comparing these knot distributions with those obtained in free
solution, we conclude that the DNA particles become cyclic inside the
viral capsid.
4. Models of Random Packing
In this section we consider the computational aspects of the problem of
DNA knotting in bacteriophages. As discussed above we mainly work
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with the equilateral random polygon (ERP) which in this case is conﬁned
inside a spherical volume that represents the viral capsid. Before we go in a
detailed discussion of the models and the results, a few assumptions need
to be highlighted.
The ﬁrst assumption deals with the ﬂexibility of the chain. The ﬂex-
ibility of the dsDNA chain is given by the persistence length which is
50 nm in free solution. However the radius of the P4 capsid is 45 nm.
This strong conﬁnement indicates that there is an effective persistence
length inside the capsid that is different from that in solution. Due to
these restrictions researchers are forced to make approximations (Arsuaga
et al., 2002; LaMarque et al., 2004; Arsuaga et al., 2005; Arsuaga et al.,
2007; Micheletti, 2008). In our studies and those of others, the ﬂexibility
of the chain is considered by expressing capsid radius R as a multiple of
the effective persistence length. The second assumption has to do with
the generation of random samples of closed curves inside a sphere of ﬁxed
radius. The sample of knots obtained by randomizing polygons in con-
ﬁnement, using the algorithms described above, is believed to be com-
parable to the sampling process that the DNA undergoes during random
cyclization. This assumption has been conﬁrmed when analyzing DNA
cyclization experiments in free solution (Rybenkov et al., 1993).
4.1. Computational Methods
Modeling DNA under spatial constraints remains a challenge and many
of the techniques explained above (Section II.3) become very expensive
computationally. The problem of knotting in conﬁned volumes was ﬁrst
addressed byMichels andWiegel (Michels andWiegel, 1986) usingmolec-
ular dynamics simulations. Today, the most common method to generate
statistical ensembles of polygons conﬁned to spheres is Monte-Carlo. The
simplest approximation is to generate polygons by one of the methods
described earlier and reject those that are outside the conﬁning sphere.
However when one tries to sample polygons in conﬁnement one ﬁnds
that the vast majority of rings will be “swollen” and accumulating reli-
able statistics for highly conﬁned conformations leads to impractically long
computing times. Amore efﬁcient computational alternative is to generate
a succession of conformations chosen using importance sampling crite-
ria (Arsuaga et al., 2002). However this method is still not sufﬁcient for
long polygons conﬁned to small volumes. In Micheletti et al., 2006 and
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2008 a dramatic improvement on these calculations was accomplished.
First, calculations were done in the conjugated ensemble rather than in
the ensemble of a sphere of ﬁxed radius. Second, a faster sampling along
the Markov Chain was achieved by a multiple Markov chain scheme, in
which all “replicas” of the system were run in parallel, running each chain
at a different temperature. Third, the data were collected and analyzed
using histogram reweighting techniques.
A second approach consists of initially deﬁning points that are phys-
ically within the conﬁning region. Both continuous and discrete models
have been implemented (Arsuaga et al., 2007; Mansﬁeld, 1994; Millet,
2000). Current continuum models are known to be non-realistic for sim-
ulating DNA since the ﬂexibility of the chain is not well deﬁned. However
these studies have shown that, qualitatively speaking, results are similar
to those obtained by other methods. The advantage of these methods is
that they are drastically more efﬁcient and also more amenable for the
development of analytical results than the methods described above.
4.2. Results
4.2.1. Knotting probability, average crossing number
and writhe in confined random polygons
In Arsuaga et al., 2002, 2005 and in Micheletti et al., 2006 the effects of
conﬁnement on the ERPs knotting probability were analyzed by Markov-
chain Monte Carlo simulations as explained above. Figure 13 (from
Micheletti et al., 2006) shows the knotting probability of closed ideal
chains conﬁned to spherical volumes of various radii (in multiples of
edge length) as a function of the total chain length (number of edges
in the equilateral polygon). As one would expect, and in agreement with
previous models, the knotting probability decreases with increasing radii
and decreasing polygon length (since the effects of the conﬁning sphere
are gradually removed under these two conditions). In Micheletti et al.
(2006), it was found that the ratio of probabilities for polygons conﬁned
with respect to those that are not conﬁned is given by P (N ,1/R)/P (N ,
no conﬁnement) ∼ exp(Na/R3) where a = 2.15.
In addition, the complexity of the knots was estimated in Arsuaga et al.,
2002 by computing the average number of crossings of the knot. These
results are summarized in Fig. 14. As expected, it was observed that for
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Fig. 13. Knotting probability for chains of length N with 50 ≤ N ≤ 450 as a
function of 1/R. Open symbols denote the region where the fraction of unknown
knots is between 10% and 50%. No data is plotted where the fraction of unknown
knots exceeds 50% (Figure Adapted from Micheletti et al., 2006).
Fig. 14. Average Crossing Number of ERPs in Conﬁned Volumes. The graph shows
results for chains of lengthN with 20 ≤ N ≤ 1000 conﬁned to radii (R = 2, 3, 4, 5, 7)
Results for non conﬁnement are shown by the black line.
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a ﬁxed conﬁning volume the complexity increased with the length of the
polygon. For ﬁxed length, the complexity decreased when the conﬁning
radius was increased.
InMicheletti et al. (2006), a preliminary study of the average writhe of
polygons conﬁned to spheres was performed. Since the average value of the
writhe is zero one needs to compute the absolute value of the writhe or the
square of the writhe to estimate its variation with the conﬁning volume.
It has been rigorously shown that the absolute values of the writhe of
polygons in the simple cubic lattice without conﬁnement increase as Na
with a = 0.52 ± 0.04. In Micheletti et al., 2006 it was found that the
value of the exponent a changes when in conﬁnement.
4.3. Distributions of Knots for Low Crossing
Numbers: Non-Random Packing of DNA
in Bacteriophage P4
In Arsuaga et al. (2005) and in Micheletti et al. (2006) and 2008 the
distributions of knots with low crossing number, that is knots with fewer
than 6 crossings, were computed and plotted as functions of the inverse
of the radius or of the length of the polygon.
Figure 15 (left) shows the R dependence of the probability to observe
a trefoil knot P (31) for various lengths of the polymer ring. As for the
unknotting probability there is a range of R (R > Rc) for which P (31)
does not change too much with R. This “plateau” is more visible for
small values of N when, for sufﬁciently small conﬁning radii, P (31) is a
monotonic-nonmonotonic curve with one maximum. As the conﬁnement
Fig. 15. Knot probabilities as a function of N and 1/R. The plots are for the 31 and
41 knots.(Figure adapted from Micheletti et al., 2006)
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radius R is further reduced, P (31) decreases in favor of more compact
conformations. For longer polymers (N > 125) the maximum becomes
progressively less evident and we observe a shoulder for small values of
1/R that disappears for N = 400.
Figure 15 (right) show plots analogous to the one in Fig. 13 but
now refer to the probability of forming four crossing knots. The trend
observed for the trefoil knot is also observed for the four crossing knot
and also other prime knots with less than 7 crossings. Indeed, all the curves
for short polymers (small N ) have a maximum as a function of the inverse
radius while those for longer polymers decrease monotonically with 1/R.
In Arsuaga et al. (2005), a comparison between the distributions of
knots for the knot families 31, 41, 51 and 52 was made for different lengths
and radii. It was found that in all tested cases the probability of the four
crossing knot was higher than that of each of the ﬁves (but not com-
bined). Furthermore, as it is the case for knots without conﬁnement,
the twist ﬁve (52) was more probable than the toroidal ﬁve (51). This
result has been observed for different polymer models in conﬁned vol-
umes such as the Uniform Random Polygon (Millet) and the wormlike
chain (Micheletti et al., 2008). Importantly, Fig. 16 shows the simulated
distribution of knots that differs strongly from the one observed experi-
mentally (see Fig. 12). Since the simulated case represents the distribution
of knots obtained for random embeddings of closed curves in conﬁned
volumes it was concluded that the packing in bacteriophage capsids can-
not be random (see Fig. 16).
4.4. Knotting Probability and Complexity
in Biased Models
How can we explain the differences between the knot distributions
obtained from random embeddings and those observed experimentally?
Chiral models
In Arsuaga et al., 2005 it was argued that elevated writhe was respon-
sible for these differences in the knot distribution. One interesting obser-
vation is that the 41 knot is achiral, that is it is equivalent to its mirror
image. This property is somehow captured by the writhe of the molecule
since achiral knots have writhe 0. In fact in (Rensburg et al., 1993) it
was found that random polygonal realizations of the 41 knot in free space
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Fig. 16. DNA packing in bacteriophage P4 is not random. Comparison of the com-
puted probabilities of the knots 31, 41, 51, and 52 (for polymers of length n = 90
randomly embedded into a sphere of radius R = 4) with the experimental distribution
of knots. The relative amount of each knot type is plotted. Note that the fractions of
knots 31 and 41 plausibly formed in free solution are not subtracted from the experi-
mental distribution. If these corrections are considered, the relative amount of knot 41
is further reduced. (Figure adapted from Arsuaga et al., 2005)
produce a family of polygons whose writhe distribution for any polygonal
length is a Gaussian curve with zero mean and whose variance grows as
the square root of the length. As discussed above the conﬁnement alone
increases the writhe (Micheletti et al., 2006). In order to obtain confor-
mations with elevated writhe, Arsuaga and colleagues sampled polygons
whose writhe was above the average writhe induced by the conﬁnement. It
was found that the distribution of knots changes dramatically and produces
results that are comparable to those obtained experimentally. Figure 17
shows how the knot distribution for the 4 and 5 crossing knots changes
with increasing writhe. In Arsuaga et al. it was proposed that the main
reason for the scarcity of the knot 41 is a writhe bias imposed on the
DNA inside the phage capsid. A drop of the probability of the knot 41,
as well as a rapid increase of the probability of the torus knot 51 but not
of the twist knot 52, readily emerged by increasing the writhe rejection
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Fig. 17. Effect of writhe-biased sampling on the probability of knots 41, 51, and 52.
Figure adapted from Arsuaga et al., 2005. Increasing the value of the writhe modulates
the distributions of observed knots. Importantly it decreases the probability of the four
crossing knot as well as the ﬁve twist knot while at the same time increasing the ﬁve
toroidal knot.
value. These writhe-induced changes in the knot probability distribution
are independent of the number of edges in the equilateral polygon and
the sphere radius length. Accordingly, previous studies had shown that
the mean writhe value of random conformations of a given knot does not
depend on the length of the chain but only on the knot type and that these
values are model-independent (Rensburg et al., 1993).
5. Conclusions and Future Challenges
Here we have reviewed some of our topological approaches to the prob-
lem of genome organization in bacteriophage P4. There are two main
conclusions: First, P4 DNA knots are formed either inside the bacterio-
phage capsid or soon after its disruption. This observation indicates that
the knotting observed is driven by the conﬁnement of the capsid. It also
suggests that P4 knots can be used as reporters for DNA packing in P4
phages (Arsuaga et al., 2002). Second, analysis of P4 knot distributions
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suggests that the viral genome is chirally organized (Arsuaga et al., 2005).
This property had not been previously observed using other experimental
techniques. Next we brieﬂy describe some of the latest advances that will
require further exploration.
i)Excess writhe is consistentwith the knotting probabilities observed indeletion
mutants.
Results obtained by Wolfson et al. that show that shorter DNA chains
extracted from bacteriophage P4 have higher knotting probabilities than
long ones have long puzzled researchers. A possible explanation was ﬁrst
provided by Blackstone et al. (2007), where it was shown that the knot-
ting probability of simulated ERPs with high writhe values decreases for
increasing chain length until a minimum is reached. After this point the
knotting probabilities increase as expected.
ii) Currently proposed DNA packing models are not consistent with P4 data.
Simulations of random closure of the DNA molecules packed as
described in Section 1 show very little knotting. This observation suggests
that current models for DNA organization inside phage capsids are sim-
plistic and do not completely reﬂect the complexity of the packing. A new
model called “random spooling model” has been proposed by Arsuaga
and Diao to address this problem (Arsuaga and Diao, 2008). This model
simulates concentric spools in which the DNA strands from different con-
centric layers are allowed to interweave.
iii) Dealing with knot complexity.
As described in the sections above, only about 2% of the knots can be
identiﬁed using current experimental methods. One way to estimate the
complexity of those knots is by creating deletion mutants that can be bet-
ter characterized by gel electrophoresis or microscopy. A second option is
to treat samples with type II topoisomerases. Topoisomerases can unknot
knots and therefore by studying possible unknotting pathways one may
infer the complexity of the initial population. In Hua et al. (2005), a com-
putational study simulating this approach was proposed and equilibrium
distributions of knots were found.
iv) New deletion mutant strains may help better identify the knots observed
as well as the packing arrangement.
One drawback of this natural system is that knot formation is restricted
to the viral DNA. Hence, we asked whether other DNA molecules of
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length and sequence different than P4 DNA could be packaged inside
P4 capsids and recovered also as highly knotted forms. Accordingly, we
envisaged that a bacterial plasmid containing the P4 cos sequence (i.e.,
a P4 cosmid) could be cleaved and threaded into a viral capsid in the
course of a bacterial infection by phage P4. Therefore, we constructed
different P4 cosmids and introduced them in bacteria lysogenic for P2.
These bacteria were then infected with P4 phage and the DNA in newly
formed viral particles was analyzed. We found that cosmids as small as
5 kb were packaged inside P4 capsids. More interestingly, as well as P4
DNA, such cosmids were recovered in the form of highly knotted DNA
circles (Trigueros and Roca, 2006). These results further indicate that
P4 knots are not a consequence of some property of the viral DNA, and
also demonstrate that complete ﬁlling of the capsid is not essential for
the packing of individual DNA molecules. With this biological system,
DNA molecules of varying length and sequence will be shaped into very
complex and heterogeneous knotted forms. These molecules could be
produced in preparative amounts suitable for systematic studies and novel
applications.
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